We develop a method for computing Kauffman bracket and Jones polynomial for algebraic tangles and their numerator closures. We also introduce the notion of connectivity type of pretzel tangles and give a way of computing it. Several examples are given.
Introduction
A two tangle diagram is a region in a knot or link diagram surrounded by a rectangle such that the knot or link diagram crosses the rectangle in four points. These four points are usually thought of as fixed points occurring in the four corners NW, NE, SW and SE. See Fig. 1 . Closing the tangle will produce a knot or a link with two components. These operations are called closures of a tangle, and there are two types of closures, the numerator closure and the denominator closure as in Fig. 2 . For more details see [1, 2, 3, 4, 5, 6, 7] .
In this research we develop a method for computing Kauffman bracket and Jones polynomial for algebraic tangles and their numerator closures. We also introduce the notion of connectivity type of pretzel tangles and give a way of computing it. We give many examples showing the efficiency of our methods and results. This paper is organized as follows. In Section 2 we introduce concepts and terminologies that we will use in the later sections. In Section 3 we study a binary operation on the bracket polynomial for tangles, we give some properties for this operation and we give formulas for ⟨[ ]⟩ and
; where ∈ ℤ. In Section 4 we give some formulas to compute the polynomial for the numerator closure of rational tangles with two and three components and for pretzel tangles with two components and give some examples to compute the polynomial for rational, pretzel and algebraic links. We introduce some properties for a ratio invariant defined by Kauffman in [8] . In Section 5 we construct a method to compute the connectivity type for pretzel tangles, which is an invariant for pretzel tangles.
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Basic concepts and terminology
The most important issue in studying tangles is figuring out if a pair of two tangle diagrams are isotopy equivalent or not. For the following definition see [9] . Definition 2. Let 1 and 2 be two 2-tangles. They are added, as in Fig. 6 . See [10] . Definition 3. Let 1 and 2 be two 2-tangles. They are multiplied, as in Fig. 7 . See [10] . Definition 6. Let be a 2-tangle. The inverse of a tangle , denoted by or 1 , is defined to be − as in Fig. 9 . See [8] . 
Such form of a tangle will be called standard form. See [11] .
Rational knots and links are knots and links that are obtained by taking numerator or denominator closure of rational tangles. These have one or two components, they are alternating and they are the easiest knots and links to make. Furthermore all knots and links up to ten crossings are either rational or are obtained by inserting rational tangles into a few simple planar graphs. Rational knots and rational tangles are of fundamental importance in the study of DNA recombination. The rational knots are totally classified. See [12] .
Definition 8.
A pretzel tangle is a tangle of the form
where ≠ 0, and it is denoted by ( 1 , ⋯ , ). See Fig. 10 for an example of a pretzel tangle.
A knot (link) is called a pretzel knot (link) if it is a numerator closure of a pretzel tangle.
Definition 9.
An algebraic tangle is a tangle obtained by the operations of addition and multiplication of rational tangles.
Kauffman bracket and Jones polynomial
In this section, we introduce the Kauffman bracket polynomial, the polynomial and the state sum formula. See [13] . The bracket polynomial is an invariant under the second and the third R-moves. The following theorem provides us with a formula for calculating < > called a state sum formula. Fig. 11 .
Theorem 2.
⟨ ⟩ = ∑ ( )− ( ) (− 2 − −2 )
Algebraic structures
In this section we study a binary operation on the bracket polynomial for tangles, and we give some properties for this operation. Let be any 2-tangle, then the state consists of circles and the tangle [0] or the tangle [∞], so the bracket polynomial of can be defined as is defined by Bataineh in [14] .
Algebraic properties

Lemma 2. The following four linearity identities hold
⟨[∞] + [∞]⟩ = ⟨[∞]⟩ ⊕ ⟨[∞]⟩, ⟨[∞] + [0]⟩ = ⟨[∞]⟩ ⊕ ⟨[0]⟩ ⟨[0] + [∞]⟩ = ⟨[0]⟩ ⊕ ⟨[∞]⟩, ⟨[0] + [0]⟩ = ⟨[0]⟩ ⊕ ⟨[0]⟩ Proof. ⟨[∞] + [∞]⟩ = ⟨ ⟩ ○ ⟨ ⟩ = ⟨∞⟩ = ⟨[∞]⟩ ⊕ ⟨[∞]⟩, ℎ = − 2 − −2 ⟨[∞] + [0]⟩ = ⟨ ⟩⟨ ⟩ = ⟨[∞]⟩ = ⟨[∞]⟩ ⊕ ⟨[0]⟩ ⟨[0] + [∞]⟩ = ⟨ ⟩⟨ ⟩ = ⟨[∞]⟩ = ⟨[0]⟩ ⊕ ⟨[∞]⟩ ⟨[0] + [0]⟩ = ⟨≍⟩ = ⟨[0]⟩ = ⟨[0]⟩ ⊕ ⟨[0]⟩ □
Theorem 3. Let and be two 2-tangles, then
And in the same way we get
Theorem 4. ( , ⊕) is an associative commutative algebra over the ring
The second one holds through commutativity property.
The third one,
Some consequences
Lemma 4. For ∈ ℤ, we have ⟨[ ]⟩ = −1 [(− 3 ) − ( − )]⟨[∞]⟩ + [ − ]⟨[0]⟩.
Proof. The equation clearly holds for
= 0. For ∈ ℤ + ⟨[ ]⟩ = ( ⟨[∞]⟩ + −1 ⟨[0]⟩ ) ⊕ ⋯ ⊕ ( ⟨[∞]⟩ + −1 ⟨[0]⟩ ) = ∑ =0 ( ) ( ⟨[∞]⟩ ) ⊕ ( −1 ⟨[0]⟩ ) − = ∑ =0 ( ) 2 − ⟨[∞]⟩ ⊕ ⟨[0]⟩ − = − ⟨[0]⟩ + ∑ =1 ( ) 2 − −1 ⟨[∞]⟩ ⊕ ⟨[0]⟩ = [ ∑ =1 ( ) 2 − −1 ] ⟨[∞]⟩ + [ − ]⟨[0]⟩ = −1 [ ∑ =1 ( ) − ] ⟨[∞]⟩ + [ − ]⟨[0]⟩ = −1 [ ∑ =1 ( ) ( −1 ) − ( ) ] ⟨[∞]⟩ + [ − ]⟨[0]⟩ = −1 [( ∑ =0 ( ) ( −1 ) − ( ) ) − ( − ) ] ⟨[∞]⟩ + [ − ]⟨[0]⟩ = −1 [( −1 + ) − ( − )]⟨[∞]⟩ + [ − ]⟨[0]⟩ = −1 [(− 3 ) − ( − )]⟨[∞]⟩ + [ − ]⟨[0]⟩ On the other hand, for ∈ ℤ − ⟨[ ]⟩ = ( −1 ⟨[∞]⟩ + ⟨[0]⟩ ) ⊕ ⋯ ⊕ ( −1 ⟨[∞]⟩ + ⟨[0]⟩ ) = ∑ =0 ( ) ( −1 ⟨[∞]⟩ ) ⊕ ( ⟨[0]⟩ ) − ; where m=-n = ∑ =0 ( ) −2 ⟨[∞]⟩ ⊕ ⟨[0]⟩ − = ⟨[0]⟩ + ∑ =1 ( ) −2 −1 ⟨[∞]⟩ ⊕ ⟨[0]⟩ = [ ∑ =1 ( ) −2 −1 ] ⟨[∞]⟩ + [ ]⟨[0]⟩ = −1 [ ∑ =1 ( ) − − ] ⟨[∞]⟩ + [ ]⟨[0]⟩ = −1 [ ∑ =1 ( ) − ( −1 ) ] ⟨[∞]⟩ + [ ]⟨[0]⟩ = −1 [( ∑ =0 ( ) − ( −1 ) ) − ( ) ] ⟨[∞]⟩ + [ ]⟨[0]⟩ = −1 [( + −1 ) − ( )]⟨[∞]⟩ + [ ]⟨[0]⟩ = −1 [(− −3 ) − ( )]⟨[∞]⟩ + [ ]⟨[0]⟩ = −1 [(− 3 ) − ( − )]⟨[∞]⟩ + [ − ]⟨[0]⟩ □ Definition 12. Let ∈ ℤ[ , −1 ], then * is the result of replacing each in by −1 . Also if ⟨ ⟩ = ⟨[∞]⟩ + ⟨[0]⟩, then we define ⟨ ⟩ * = * ⟨[∞]⟩ + * ⟨[0]⟩.
Lemma 5. For any rational tangle , we have
Note that every state contributing in ⟨− ⟩ involves a similar structure of the corresponding state in ⟨ ⟩, except that each split of a crossing in ⟨− ⟩ replaces by −1 . This means that the factor ( )− ( ) in ⟨ ⟩ will be replaced by 
Lemma 6. If is a 2-tangle with ⟨ ⟩ = ⟨[∞]⟩ + ⟨[0]⟩, then we have the following reciprocal formula
Proof. Let = [ 1 2 ], then we have
, by Theorem 3.
, by Lemma 6.
Suppose that the statement is true for any rational tangle with n-
, by assumption □
Jones polynomial for algebraic tangles and links
We give some formulas to compute the polynomial for the numerator closure for rational tangles with two and three components and for pretzel tangles with two components and give some examples to compute the polynomial for rational, pretzel and algebraic links. Finally we introduce some properties for a specific invariant. Proof. Let 1 , 2 ∈ ℤ, then we have
12. An oriented knot diagram 1 .
Notice that, the polynomial for the oriented link ( [ 1 2 ]) as follows:
Notice that, the polynomial for the oriented link ( [ 1 2 3 ]) as follows:
Consider the following oriented knot diagram (Fig. 12) . To find the polynomial for 1 we must compute the writhe of 1 . ( 1 ) = −1 + −1 + −1 + 1 + 1 = −1. Notice that, this knot is equal to [−3 2], so we have The following proposition gives the bracket of the closure of a pretzel tangle with two components. 2 ) is the numerator closure of ( 1 , 2 ). Proof. Let 1 , 2 ∈ ℤ, then we have 
Consider the following oriented knot diagram (Fig. 13) . To find the polynomial for 2 we must compute the writhe of 2 . ( 2 ) = 7. Notice that, this knot is equal to [3 4 ], so we have
Example 3. Consider the following knot diagram (Fig. 14) . To find the polynomial for 3 we must compute the writhe of 3 . ) , so we have The following ratio invariant is defined by Kauffman. See [8] Definition 14. Let be any tangle with Proof. Let ∈ ℤ, then we have
Lemma 9. Let 1 and 2 be any two tangles, then
Proof. Let 1 and 2 be any two tangles with 
Connectivity type
In this section we construct a method to compute the connectivity type for pretzel tangles, which is an invariant for pretzel tangles. A connectivity type of a tangle is a tangle ′ resulting from by allowing crossing changes until we get the least number of crossings. Therefore ′ has the same number of components and the same endings (NW, NE, SW and SE) as .
Example 4.
The connectivity type for = [2] is ≍, the connectivity type for (2, 2) is | ○ |, also the connectivity type for
We will denote the connectivity type of [1] Fig. 15 .
The proof is obvious.
Let ( 1 , 2 , ⋯ , ) be a pretzel tangle, consider the following theorems.
Theorem 6. If 1 is an even number, then a vertical line segment denoted by "|" will appear in the left of the connectivity type, also if
is even, then "|" will appear in the right of the connectivity type.
Proof. Let 1 and be two even numbers, so by Lemma 10, 1 will connect with 1 and +1 will connect with +1 . Therefore "|" will appear in the left and in the right of the connectivity type (Fig. 16) . □ Proof. Suppose that 1 , ⋯ , −1 are odd numbers and is even number (Fig. 17) . Fig. 17. A pretzel tangle with 1 , 2 , . .., −1 are odd and is even. 
. Therefore "|" will appear in the left of the connectivity type, whether is even or odd.
Assume that , ⋯ , are odd numbers and −1 is even number (Fig. 18) . Proof. Suppose that ( 1 , ⋯ , ) is a pretzel tangle and 1 , ⋯ , are odd numbers and is even (Fig. 19) . Proof. Suppose that ( 1 , ⋯ , ) is a pretzel tangle and 1 , ⋯ , are odd numbers and also is odd (Fig. 20) . Proof. Suppose that and +1 are even (Fig. 21) . By Lemma 10, +1 is connected with +1 from two sides. Therefore "○" will appear in the connectivity type.
Assume that the statement is true for ( − 1) consecutive components all of them are even. Suppose that , +1 , ⋯ , + are all even (Fig. 22) .
Since +1 , +2 ⋯ , + are consecutive and all of them are even, so by our assumption ( − 1) of "○" will appear in the connectivity type, but also notice that +1 and +1 will be connected from two sides. Therefore of "○" will appear in the connectivity type. □ Theorem 11. If ( 1 , ⋯ , ) is a pretzel tangle and there are m-consecutive components, say , +1 , ⋯ , + , such that +1 , ⋯ , + −1 are odd and , + are even, then one of "○" will appear in the connectivity type (Fig. 23) . 
Declarations
Author contribution statement
Khaled Bataineh, Nabil Al Asmer: Conceived and designed the analysis; Analyzed and interpreted the data; Contributed analysis tools or data; Wrote the paper.
Funding statement
This research did not receive any specific grant from funding agencies in the public, commercial, or not-for-profit sectors.
